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Abstract

We consider a class of two-player quadratic games under incomplete
information to study the relation between exogenous coordination motives
and strategic interactions in information acquisition. The players make
decisions in two stages. They decide about information acquisition in the
first stage and choose their actions in the second stage. Preferences are
such that the optimal action of each player depends on the state of the
world and on the action taken by the other player. We show that if the
degree of coordination in actions is sufficiently high, then the strategic
interaction in the information choice does not have the same coordination
motives as the action choice. Consequently, heterogeneous beliefs can be
sustained endogenously for our class of games if the degree of
complementarity or substitutability is high enough. Our results contrast
qualitatively with the case studied by Hellwig and Veldkamp (2009) where
the set of players is a continuum.

Resumen

Consideramos una clase de juegos cuadraticos, con dos jugadores, bajo
informacion incompleta, para estudiar la relacion entre incentivos de
coordinacion exégenos e interacciones estratégicas en la adquisicion de
informacién. Los jugadores toman decisiones en dos etapas. Deciden sobre
la adquisicion de informacién en la primera etapa y eligen sus acciones en la
segunda etapa. Sus preferencias son tales que la accion 6ptima de cada
jugador depende del estado del mundo y de la accibn tomada por el otro
jugador. Demostramos que si el grado de coordinacion es suficientemente
alto, entonces la interaccion estratégica en la eleccion de informacién no
tiene el mismo incentivo de coordinacién que las acciones. En consecuencia,
las creencias heterogéneas pueden mantenerse enddgenamente para
nuestra clase de juegos si el grado de complementariedad o sustituibilidad
es suficientemente alto. Nuestros resultados contrastan cualitativamente
con el caso estudiado por Hellwig y Veldkamp (2009) donde el conjunto de
jugadores es un continuo.
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1. Introduction

In many environments the optimal action of a decision maker depends on both the un-
derlying fundamentals and the actions taken by other agents. Models which incorporate
this feature have been successfully used to analyze a broad class of coordination prob-
lems under uncertainty and its welfare implications,! usually using perfect Bayes-Nash
equilibrium as solution concept.

For such environments, one could intuitively think of two reasons why the decision
maker wishes to improve her knowledge of unknown fundamentals. First, this informa-
tion acquisition allows directly for better predictions of the fundamentals. Second, since
the other agents’ actions are based on their own expectations of the fundamentals, learning
about the fundamentals leads to more precise inferences about those actions. In prac-
tice, agents are often able to make decisions on information acquisition about unknown
fundamentals before choosing their actions.

This paper studies the relation between the exogenously given coordination motives in
actions and the strategic interactions in information acquisition for a tractable class of two-
player quadratic games. Our analysis uses a game theoretical framework that allows us
to formalize the intuitions given above behind the incentives for information acquisition.
Ultimately, this line of research tries to shed light into the open question of whether
heterogenous beliefs can be endogenously sustained in strategic environments. This is
clearly relevant since many models analyze economic phenomena using the assumption
that agents have heterogenous beliefs. Therefore, we should be interested in knowing
whether strategic interactions in information acquisition could eliminate the heterogeneity.

In a beautiful recent paper, Hellwig and Veldkamp (2009)—henceforth, HV—have
addressed this question using a two-stage, beauty contest game with a large number of
ex ante identical small players. In their model, the players decide on costly information
acquisition before choosing their actions. HV show that the strategic interactions in
information acquisition reproduce exactly the exogenous coordination motives in actions.
More precisely, they obtain that the information choice exhibits complementarity when
actions are complements and substitutability when actions are substitutes. One concludes
that heterogeneous beliefs will not be sustained endogenously in the long run.

For this class of games, a player’s best response in actions typically depends on ar-
bitrarily higher-order iterated expectations of the state, that is, what the player expects
that any other player expects that any other player expects and so forth. As in Morris and
Shin (2002), the assumption that the set of players is a continuum enables HV to use an
average expectation operator to keep track of the higher-order iterated expectations of the

ncentives of this nature have been considered, among others, by (i) Cooper and John (1988) to
study coordination failures in macroeconomic models, (ii) Morris and Shin (2002), Hellwig (2005), Cor-
nand and Heinemann (2008), and Angeletos and Pavan (2007) to study the effects of public information
disclosure on social welfare, (iii) Morris and Shin (2005) to study the welfare consequences of central bank
transparency, (iv) Calvé-Armengol and de Marti (2007, 2009) to study efficient information transmission
in communication networks, and (v) Calvé-Armengol, de Marti, and Prat (2009) to study endogenous
information transmission in networks.



state. However, if one considers instead a finite set of players, then this approach would
be appropriate only when the higher-order expectations are very homogeneous across the
players. But, if the players begin with heterogeneous beliefs, then the heterogeneity would
not necessarily vanish unless one imposes a very restrictive symmetric information struc-
ture. As a consequence, an average expectation operator would be ill-suited to keep track
of the required higher-order expectations with a finite number of players and a flexible
information structure.

In this paper, we depart from the assumptions in HV in two directions. First, we
consider a finite set of players and, therefore, do not use an average expectation operator
to account for higher-order beliefs. Second, we consider a general class of quadratic games
which include the beauty contest game studied by HV as a special case. For tractability
purposes, we conduct our analysis by considering a two-player game, though our results
continue to hold qualitatively so long as the set of players is finite. As in HV, we consider
that the players acquire information through private signals, conditionally independent
given the state of world,? and allow for either strategic complementarity or substitutability
in actions. Yet, we allow for a broader set of external effects. We measure the degree
of coordination in actions using the slope of a player’s best response with respect to the
other player’s action.

Our results agree with those in the case studied by HV when the degree of coordi-
nation in actions is moderate, Proposition 1. However, for our class of preferences, we
also show in Proposition 2 that if the degree of coordination is sufficiently high, then
the information choice does not follow the same strategic motives as the actions. More
precisely, we identify a threshold for the complementarity degree above which the equi-
librium information choices are substitutes. This is also the case if we restrict attention
to the version of the beauty contest game considered by HV. Information acquisition is
costless in our model, which reinforces the message conveyed by this result. Also, we show
that if the degree of substitutability is sufficiently high, then, for some initial information
decisions, the choices in information become complementary. The latter result, however,
does not follow for the beauty contest game.

The main reason behind the discrepancy of our results for the beauty contest game
with respect to those obtained by HV is as follows. When the set of players is finite,
the effect of a change in a player’s information choice on the higher-order beliefs that
any other player uses to determine her optimal action is higher than in the case with a
continuum of players. As a consequence, with a finite number of players, the slope of a
player’s optimal action in her private signal is more sensitive to the information choice of
any player.

To understand the role of this observation in our results, consider the two-player case
with complementary actions. When the degree of complementarity is moderate, player 1
wishes to improve her knowledge of the state because she is very concerned about matching

2In their model, HV allow also for public signals. This feature, however, does not interfere with the
analysis of the question studied in this paper.



her action to it. On the other hand, suppose that player 2 improves her information. Then,
her optimal action becomes more sensitive to her private signal so that, in order to satisfy
the coordination motive, player 1 wishes to make her own optimal action more sensitive
to her signal too. Therefore, there are two effects which make player 1 wish to improve
her information about the state.

However, when the degree of complementarity exceeds a certain threshold, the two
effects identified above become less clear. This, together with the risk-aversion that
affects the coordination motive, tends to reverse the incentives of player 1 to complement
the information choice of player 2. On the one hand, player 1 becomes now very little
interested in matching her action to the state and very interested in matching her action
with that of player 2. So, she is barely interested now in learning about the state. On the
other hand, player 2’s optimal action becomes less sensitive to her private signal regardless
of her information choice. In particular, for a degree of complementarity sufficiently high,
player 2’s optimal action is very close to the optimal action that she would choose when she
acquires no information at all. Therefore, player 1 wishes to decrease the sensitivity of her
optimal action to her private signal too. One way of satisfying the coordination motive,
which is the prevalent one now, is then to acquire very little amount of information.
Furthermore, player 1 is risk-averse with respect of the difference between the slopes of
the players’ optimal actions. Given that the two aforementioned effects do not make it
clearly valuable for player 1 to improve her information, her desire to insure against the
discrepancy between the optimal actions finally offsets those effects and motivates her to
reduce the amount of information that she acquires.

Since Morris and Shin (2002), and Calvé-Armengol and de Marti (2007), it is well
known that, for the class of games studied in this paper, quadratic preferences lead to
linear best responses in actions. To keep track of the players’ higher-order iterated expec-
tations, we follow the approach introduced in the economics literature by Calvé-Armengol
and de Marti (2007) and write the linear optimal action in terms of a knowledge index.
The knowledge index depends on the covariances between the signals received by each of
the players and the state. Fortunately, for this class of games, it is well known that the
action strategies are unique at equilibrium. Calvé-Armengol and de Marti (2009) use a
key result in team theory due to Radner (1963) to demonstrate this convenient uniqueness
result for a beauty contest game.

The rest of the paper is organized as follows. We introduce the model in Section 2.
Section 3 analyzes the strategies in actions at equilibrium and the strategic interactions
in information acquisition. We discuss various examples of strategic settings where our
results are relevant in Section 4 and conclude in Section 5.



2. The Model

2.1. Actions and Payoffs

We consider two players, i = 1,2, who make decisions in a two-stage game.

In the first stage, nature selects a state of the world # € R, which is unobservable for
the players. Instead, each player i observes a (noisy) private signal realization s;. Then,
each player i can improve her knowledge of # by choosing the correlation between the
random variables which generate the state # and the signal realization s;. Information
acquisition decisions are taken simultaneously.

In the second stage, each player ¢ chooses an action a; € R. Actions are taken simul-
taneously too. The final payoff u; to each player ¢ depends on state of the world 6 and on
the action profile a = (a;, a_;) chosen by the players.

We consider a general class of quadratic preferences, which is similar to that used by
Angeletos and Pavan (2007) to analyze the social value and the efficient use of public
information in a setting with a continuum of players. Formally, the payoff u; to each
agent ¢ is given by a twice-differentiable, real-valued function U. This payoff function U
is common for both players.

Throughout the paper we shall take ¢+ = 1, without loss of generality, when we need to
fix a given player in the analysis. Denoting partial derivatives by subscripts in the usual
way, we measure the degree of coordination in the players’ actions using parameter

Ualag

A= —
Ua1a1

Note that A above gives us the slope of player 1’s best response with respect to player 2’s

action. Also, we use parameter
Uazag

Ua1a1

as a measure of the externality generated on player 1 by the action chosen by player 2. It

T i=

gives us the slope of the strategy over actions chosen by player 2 which is most preferred
by player 1.

Assumption 1. —Preferences— For each player i = 1,2 such that v, = U,
(i) U is quadratic;

(i) Uaa; < 0;

(i) Uy, <0

(iv) —Usia—i/Usia; € (=1,1).

The assumption that U is quadratic guarantees linearity of optimal strategies in ac-
tions. Besides, we are assuming that each player’s payoff is strictly concave in her own
action, which ensures that best responses are well defined, and concave in the other
player’s action. Given these assumptions, Assumption 1 (iv) is needed to guarantee both



existence and uniqueness of perfect Bayes-Nash equilibrium in our information acquisition
game. Note that from Assumption 1 (ii) and (iii), it follows 7 > 0.

Other than the restrictions imposed above to make the analysis tractable, this speci-
fication of preferences is quite general and, in particular, allows for strategic complemen-
tarity (A > 0) and substitutability (A < 0) in actions. Higher values of A > 0 mean more
complementarity and lower values of A\ < 0 mean more substitutability.

The payoff structure of a beauty contest game is a particular case of the preference
specification given by Assumption 1 above. In particular, the variant of the beauty contest
game used by HV (adapted to our two-player game) is given by the payoff function (i = 1)

Ula, az,0) = —(1 = X)2[ay — (1 = A)§ — Aas]”, (1)

where A € (—1, 1) measures the degree of complementarity /substitutability in the players’
actions. This payoff function satisfies Assumption 1 on preferences if 7 = \2.

2.2. Information Acquisition

We consider a Gaussian information structure for tractability purposes. In the first
stage of the game, nature draws the state realization # from a normal distribution with
mean g and variance 0. The realization 6 is unobservable for the players. Accordingly,
the (common) priors of the players about 6 are given by the normal distribution from
which # is drawn. Also, each player i observes a signal realization s; € R.3

We assume that each player i can choose in the first stage of the game the informative-
ness of her signal by choosing the correlation between the random variables that generate
0 and s;. By doing so, player ¢ makes a decision on her own belief revision process, which
must be specified according to Bayes’ rule.* Thus, each player i ends up with some (en-
dogenously chosen) posteriors about 6, which she uses in the second stage to make her
decision on actions.

Formally, let us denote by z a random variable with realization z.

Assumption 2. —Information Structure— The random vector (6, 31,3,) follows a
multi-normal distribution with mean (u, i, ) and variance-covariance matrix

o> poy  paoy
P17y o prpay? |,

P20y p1p2y? 2

where 0% = Var[f], v* = Var[s;] = Var[3,], and p; € [—1,1] is the correlation coefficient
between 6 and s; for each player ¢ = 1, 2.

3We regard a signal as a random variable and a signal realization simply as a particular realization of
the random variable.

4Modeling endogenous information acquisition by allowing the players to move from a prior distribution
to a posterior distribution (under the restriction imposed by Bayes’ rule) is quite standard in the literature.
For instance, this approach is used by Allen (1983, 1986) in a more abstract setting from the perspective
of information demand theory, and by Bergemann and Viliméki (2002) in their work on mechanism
design when players are allowed to acquire information.



Notice that, using the correlation coefficient, we can express the covariance between 6
and each §; as Cov[0, 5] = p;o7y. Therefore, assuming Cov[3y, 53] = p1pa7? is the same as
requiring
Covl[f, 5]Covl[d, 3]

Var[o?] ’
which, in turn, is equivalent to assuming that signals are conditionally independent

COV[§1, 82] =

given 6.
Consider a given player ¢ = 1,2. Using some basic results on normal distributions, we
know that the random variable 6| s; follows a normal distribution with mean

7 pPi0
Ef|si] =p+ Vwrwd (2)
Analogously, the random variable §_; | s; follows a normal distribution with mean

E[5_i[si] = p+ pip-i(si — p). (3)

This is the only piece of information about player ¢’s posteriors that we will need in our
subsequent analysis.

2.3. Equilibrium

In the second stage of the game, each player ¢ chooses an action a;, for each signal
realization s; that she observes and each action a_; taken by the other player, so as to
maximize her expected payoff E[U(a;, a_;, 9~) | s;]. By solving this optimization problem,
we obtain player i’s best response in actions.

Furthermore, the usual fixed point requirement must be satisfied in a perfect Bayes-
Nash equilibrium. So, let «; : R — R be player i’s optimal action strategy so that a;(s;)
is the optimal action chosen by player ¢ upon observing signal realization s;. Then, the
following condition must hold in a perfect Bayes-Nash equilibrium:

a;(s;) = arg mgﬁgE[U(ai, a_i(5_;),0)|s;] foreach s; € R andeach i=1,2. (4)

In the first stage of the game, each player ¢ decides on information acquisition. Let
x; := p? € [0,1] be an information acquisition choice for player i. Higher values of z;
indicate higher degree of informativeness for the signal chosen by player ¢. Of course,
the expected payoff of each player ¢ in the first stage, provided that both players follow
their optimal action strategies in the second stage, depends on the information acquisition
profile (z1,72). So, let F': [0,1]> — R be the function specified as

F(1,20) = E[U(c(5:), ai(3-:), 0)]. (5)

Definition 1. A perfect Bayes-Nash equilibrium of the information acquisition game is
a pair of optimal action strategies (a1, as), which satisfy condition (4) above, and an
information acquisition profile (x},z3) € [0, 1]* such that, for each player i = 1,2,

* *
x] = arg max F(z;,2",),
xiE[O,l]

7



where F' is specified in (5) above.

Our objective in this paper is to study the relation between the pair of parameters
(A, 7) and the degree of complementarity /substitutability that the ex ante expected payoff
F, defined in (5) above, exhibits. In particular, we study the extent to which the sign
of parameter )\ affects the sign of the second derivative F,,,,. To do so, we need to
characterize first the optimal action strategies aq, as.

3. Main Results

Obtaining a closed expression for the function F' defined in (5) above is constructive.
We first characterize the action strategies at equilibrium and then study the ex-ante
expected payoff of the players when they follow those equilibrium action strategies.

3.1. Equilibrium Action Strategies

Given our differentiability assumptions and the assumption that u; = U is strictly
concave in player i’s own action, Assumption 1 (ii), the requirement that player 1 follows
her optimal action strategy in the second stage, specified by condition (4) above, holds if
and only if

E[Us, (a1(s1), aa(82), 0) |s1] =0

is satisfied for each s; € R.

It is useful to consider first the complete information case. Suppose that 6 is known to
the players (consider, e.g., x1 = x5 = 1). Then, a;(s;) = 7(0) for each s; € R and for both
players ¢ = 1,2, so that 7(6) is well defined as the unique solution to U,, (7(9),7(0),8) = 0.
Furthermore, since U is quadratic, 7(f) must be linear in 6 and, therefore, we can write
7(0) = 170 + 710, where 79,71 € R.

Now, using a first-order Taylor expansion of U, (a1 (s1), aa(s2), 0) around (7(8), 7(0), 0),
we obtain

Ua (al (81)7 a2<82>’ 0) =Us,aa (7’(«9), 7_(9)7 0) [al(sl) - T(Q)]
+ Ua1a2 (7(6)7 7-(9)7 9)[0&2(82) - T(Q)L

wherein we have made use of Uy, (7(6),7(6),0) = 0. Then, it follows that

E[Ual (Oél(Sl), 062(52), é) ‘ 81} = 0 )
A Ua1a1a1<31) - (Ualal + Ua1a2>E[T(¢9) | Sl] + UalazE[a2<§2> | 51] = 0.

To ease the notational burden, Let us write E;[-] instead of E[- | s;] and «; instead of a;(s;)
when no possible confusion arises. Then, from the expression above it follows that

a; = (1 = NE{[7(0)] + AEq[aa(52)].



By iterating recursively, one obtains

] = (1 — )\)El [T(é)] + (1 — /\))\El [EQ[T(@)H + )\QIEl [EQ [Oél<§1)u

=(1- )\)(17}/\ +7 (El[é] + AE; [Ez[é]] + ME, [E2[E1[9~H] —i—) >;

or, equivalently,

ar =1+ (1= N1 Y NEEE; - By (0], (6)

k=0
where E{EoEy - - - Epy 0] denotes the (k+1)-order iterated expectations of f. These nested
expectations give us what player 1 expects that player 2 expects that player 1 expects,
and so on up to the k + 1 level of iteration, of the unknown state of the world . Here,
the subindex p(k) equals 1 if k is either zero or even and equals 2 if k is odd. Note that
the expression (6) above for ay(s;) is well defined given that A € (—1,1), as required by
Assumption 1 (iv).
We can use the distributional results in (2) and (3) to obtain

E 0] =+ pr (%) (51— ),
Eq [Eo[0]] = i+ pa(prp2) (%) (s1 — ),

By [E2 [El[ém = i+ pr(prp2)’ (%) (51— n),

so that, by iterating recursively, we get

~ g
EiEoEy - - By [6] = 11+ ppry (p102)" (?) (51— H).

At this point, we need a closed expression that keeps track of the discounted k + 1
order nested expectations of the players in order to meet the fixed point requirement at
equilibrium. To do so, we make use of the knowledge index introduced in the economics
literature by Calvé-Armengol and de Marti (2007) in their work on communication in
networks. So, consider the pair of matrices

o pip2 0
= - , , Q.= .
¢ (’Y) (b1 P2)1xz ( 0 p1p2>2><2

Then, the expression above for EjEoE; - - - Ep ) [GN] can be rewritten, using those matrices
¢ and (2, as

Ei KoKy -+ Epy [é] =p+¢- Q- e(s1 — p), (7)



where e; = (1,0). By plugging the expression in (7) above into the expression for a;(sy)
given by (6), we obtain

ar(s)=m+np+1—-Nm¢- ZA’“Q’“ ceq(sy — p)

k=0
=To4+mp+ 1 =Nré-[I =2 e (51— p),

where I denotes the two by two identity matrix. Note that the infinite sum Y ;- A*QF =
[T — \Q]~! above is well the defined since we are assuming A € (—1,1).

Thus, the slope of player 7’s equilibrium strategy in actions with respect to her private
signal can be written as

m; = (1=Nné- [[ =A™ e,

where e; is the ith vector of the canonical basis of R%. Since [I — \Q] is a two by two
matrix, we can compute its inverse to obtain

o (o) = NA A,
Y (1—XN2ptp3) 7

Y
Hence, using the arguments above, we have shown

i=1,2.

Lemma 1. The action strategy for each player i« = 1,2 in a perfect Bayes-Nash equilib-
rium is given by
ai(si) = 7o + Tp 4+ my (s — ), (8)

where 19,71 € R, and

m; =1 (") (1= A)(1+ Az_y)z)?

v (1 — N2zy29) ' 9)

The shape of the slope m;, as a function of A\, x1 and x5, obtained in Lemma 1 above
plays a crucial role in our results about equilibrium interactions on the information choice.
In a separate appendix we show that the equilibrium action strategy given by Lemma 1
is unique.

3.2. Information Acquisition Decisions

To obtain a closed expression for the ex ante expected utility F', we need to use the
expressions that we have obtained in Lemma 1 for a; and as to compute the expected
value of u; = U, as required by the definition of F' given by (5). Using a second-order
Taylor expansion of U(ay(s1), as(ss),0) around (7(6),7(6),0), we obtain

Ulaa(s1), az(s2),0) = U(7(0), 7(0),0) + %Ualal [ (s1) = 7(O)]*
1

5 Uszaa02(52) = T(O))” + Ussas[on (1) = 7(0)][ea(s2) — 7(6)];

+

10



wherein we have made use of U, (7(0),7(0),0) = U,,(7(0),7(0),0) = 0. Therefore, using
the definition of F' given in (5), we have

F =E[U((0),7(0),)] + %UME[M%) —7(0)]*]

+ SUnsasBl[02(52) = (O] + sy B[ (51) = 7(0)flz) — 7(0)].

By Assumption 1 (ii), —U,;, is a positive constant, so that the sign of F, ,, coincides

with the sign of —U_ L F, ,,. Using this, we propose the normalization F' := —U, ! F

alal aiail
and proceed with the analysis in terms of F' instead of F. Then, using the definitions of

A and m, from the equation above we can derive the expression for the function F' as

ﬁ:_UlE@%w%ﬂ@ﬁﬂ—;m%@ﬂ—ﬂﬁm

— 17rIEJ[[042(§2) — T(é)]g] + AE[[on (51) — 7(0)][ca(32) — T(é)”.

(10)

So, we need now to analyze the terms inside the expectation operators in equation
(10) above. Using the expression provided in Lemma 1 for «;(s;), we obtain

(5 = 7(0) = = (0= )+ (s, — ) = () - (1)),

But then it follows that a;(3;) — 7(f) is normally distributed with zero mean. So, using
some basic results on normal distributions, we can compute its variance as

E[[os(5) — T(é)m = [7’1202 +mivy? — ZTle-l/Qmiav} : i=1,2, (11)

and the covariance between «a1(5;) — 7(0) and as(82) — 7(0) as

E[[01(51) — 7(0)][0a(52) — 7(0)]]
1/2

(12)
= [71202 + (x1I2)1/2m1m272 — 71(2;

1/2

my + xy “ma)ory| .

By plugging expressions (11) and (12) obtained above into (10), and by using the
expression for the slope m; (i = 1,2) obtained in Lemma 1, we get

2\ — 7 —1)(70)?
2

F=-U;} E[U(r(0),7(0),0)] +

1— M\)2(10)°
, 0= Vo)

T
[—1’1(1% — TT2q5 + 221q1 — 2 <ﬁ) Taqo + 2)\551%2(]1(]2} ;

where ¢; : [0,1]*> — R denotes the function specified as

14 )\.Z',Z'
Qi($1,$2) :

= , =1,2.
1—)\21'111327 ! ’

11



All that remains then is to compute the second derivative ]/7\301;,;2 from the expression above.
By doing the algebra, we finally obtain

~ (1—MNro]?
Fayey =X {m (2 = )N 21220102

(13)

T
q1 — Tq192 | -

T
Taga + (1 — 7r)x2q§> te—-7

/\( _
+ Al 11 -\

Also, for the particular case of the beauty contest game with the preference specification
given by (1), we have 7 = A? and, therefore, the second order derivate above becomes

P { (1-No

2
= — 11T A — 22 \3
T1T2 1 — )\2$1£L‘2:| |: 1224142 24>

(14)
+ (221220142 — T2g2 — Q1@2) N + (T1q1 + T2G5 — Q)N + 2.

With the expressions for the ex-ante expected utility of player 1 in (13) and (14) above
at hand, we can state our main results.

Proposition 1. Assume 1 and 2. Then, Fy, 4, (x1,23) = 0 for each (z1,x3) € [0,1]> when
A = 0. Moreover, for each m > 0 there exists some € > 0 such that if X\ € (0,¢), then
Fy oy (1, m2) > 0 for each (z1,x5) € [0,1]2 while if X € (—€,0), then Fy,u, (21, 22) < 0 for
each (x1,15) € [0,1]2.

Proof. The first claim in the proposition follows directly from the specification of the
function F,,,, given by (13). As for the second claim, take a given (z1, ) € [0,1]* and
consider the function h: [—1,1] x R, — R specified as

h(A,7) :=(1 = \) [m1x2q1q2(2 — TN+ A+ (1 — T3\ + ¢ — ﬂqlqg}
— (A =7) [T2@2A + q1] -

Then, for each A € (—1,1), we have

~ 1-=Nme]’] A
Fov = h .

Also, we obtain
h(0,7) = g2 — Tq1q2 + 7 = 1.
The result follows since h(0,7) > 0, Fy,4, = 0 for A = 0, Fy,,, is a continuous function in

A and A/(1—XA) > 0if A € (0,1) while A\/(1 —X) <0if A e (=1,0). O

Hence, in our model, the information acquisition choice has the same strategic motives
as the actions when the degree of coordination is moderate, A\ € (—¢, €) for some € > 0.
This is true for a class of games more general than a beauty contest game. The result
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above agrees with the main result in HV for the case with a continuum of players, provided
that the degree of coordination is not too high.

However, the relation in motives obtained in Proposition 1 can be reversed when the
degree of coordination is sufficiently high. Proposition 2 below gives us precisely this
result. Our results are driven by the shape of the slope of the players’ optimal actions. Of
particular importance is the observation that the slope of a player’s optimal action (in her
private signal) is quite sensitive to the information choices of both players. In contrast,
this role of a player’s information choice on the sensitivity of any player’s optimal action
to her signal is crucially mitigated in a game with a continuum of players.

To illustrate the role of the influence of the players’ information choices on the sensitiv-
ities of their optimal actions to their private signals, consider the case of complementary
actions, A € (0,1). Note that, using the expressions for m; and my given by Lemma 1,
one obtains

81'2 N

om _ (a) (1= M)A+ Azy)z)?
=71

81'2 ; (]_ — )\21‘11‘2)2

omy o\ =M1+ Ay (5 "+ A2y )z
n Y 2(1 — )\2513'1.%'2)2 ’

and

o (2) L0 ey

‘8m1 B Oms o
Oxy  Oxo g 233;/2(1 — A21179)?

When A is close to zero, player 1 is mainly concerned about matching her action with
the objective 7(0). This effect clearly makes valuable for her to increase xi, irrespective
of player 2’s information choice. Also, even though A is small, player 1 has also a motive
for aligning her optimal action with that of player 2, at least to a certain extent, since
A > 0.

On the other hand, we see from the expression for dmsy/0xs above that an increase in
xo causes a significative change in my when A\ is close to zero. Therefore, it is valuable
for player 1 to change m; in such a way so as to respond to the variation in msy. From
the expression for dm;/0xs above, we observe that m; changes already in the required
direction due simply to the increase in x5. However, this induced change is small since A
is close to zero. In other words, the difference |0my/0xy — Omay/0xs| is relatively large in

)
=7 | = | —5-
v 2:1;5/2

As a consequence, to reach the required change in mq, player 1 must also complement

this case. In particular, note that

8m1 8m2

8x2 B 81‘2

lim
A—01

herself that change on m; induced by the increase in z5. To do this, she needs to increase
x1 as well. Thus, we identify two effects which make player 1 wish to increase x; when
player 2 increases xo. This is the logic behind the result in Proposition 1.

Suppose now that A is close to one. Then, my approaches zero and player 2’s optimal
action approaches E[T(é)] = 7o + 71. In other words, player 2 behaves as if she acquires
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no information at all. Furthermore, we see from the expression for dms/Jxs above that
any increase in xo causes almost no change in my. On the other hand, since A is close to
one, player 1 has little interest now in choosing an action close to the objective 7(#). She
is mainly concerned about matching m; with my. One way of achieving this is to behave
as if she does not acquire any information at all either. This effect makes it valuable for
her to decrease x;. In this case, note that

8m1 _ 8m2
8.1‘2 81’2

so that, in the limit, player 1 does not need to increase x; for her optimal action to

lim
A—1—

=0,

meet that of player 2. Furthermore, recall that, given our class of preferences, player 1
is risk-averse with respect to the difference of actions. In other words, she is risk-averse
with respect to |m; — may|. So, player 1 wishes to insure herself against the risk of m;
deviating from my and, furthermore, she knows that her optimal action gets close to the
one chosen by player 2 when she acquires very little information. As a consequence, she
finds valuable to reduce x; when player 2 increases xs. This is the intuition behind the
results in Proposition 2.

Proposition 2. Assume 1 and 2. Then,

(i) for each m € [0,1) there exists some k. € (0,1) such that if X € (kg,1), then
Fiyyao (21, 22) < 0 for each (z1,23) € (0,1)2,

(11) for each m € [0,1) there ezists some €., > 0 and some k. € (—1,0) such that
if A€ (=1, kz), then Fyu(x1,22) > 0 for each 0 < xy < e and each (1 — ;) < x5 < 1,

(111) for the beauty contest game given by the payoff function in (1), there exists some
k€ (0,1) such that if X € (r,1), then F*_ (1, 25) <0 for each (z1,x3) € (0,1)2.

T1T2
Proof. Take a given (z1,72) € (0,1)? and consider the function h : [-1,1] x R, — R
specified as
h(A,m) :=(1 = )) [x1x2q1q2(2 — TN+ A+ (1 — T3\ + ¢ — quqg}
— (A=) [T2g2A + 1] -

fx1x2:{(1_A)710r{ A }h(m)

Then, we have

1— )\2(171562 1—A
for A € (—1,1). It can be checked that h(0,7) = 1 for each w € [0, 1).
(i) Take a given w € [0,1). Then,
h(l,m) = (r — 1)[z2¢2 + q1]
1 1
= (r—1) [352( o)t +x2)] <0.

1-— 1T

Since h(0,7) > 0, h(1,7) < 0, and h(-,7) is continuous in A, there is some k. € (0, 1)
such that h(A, 7) < 0 for each A € (k,,1). The result follows since A/(1 — A) > 0 for each
A e (0,1).

14



0.2

(ii) Take a given 7 € [0, 1), and consider x; = 0 and x5 = 1. Then,
M-lm)=2[-(1-m)g+q@—7mqa] —(-1-m)[-@+a]=7—1<0.

Since h(0,7) > 0, h(—1,7) < 0 for z; = 0 and 25 = 1, and h(-,7) is continuous in A, in
x1, and in o, then there is some ¢,,d, > 0 and some k, € (—1,0) such that h(A\,7) <0
for each A\ € (—1,k,), each 0 < 27 < &,, and each (1 — d;) < x5 < 1. The result follows
since A/(1 — A) < 0 for each A € (—1,0).

(iii) Take a given (x1,23) € (0,1)? and consider the function g : [—1,1] — R specified
as

9(\) = =217 A — 2@ N + (20172012 — TaGo — 1@2) A + (211 + T2Gs — @)\ + .

P = {52 ] o

1wz 1-— )\2.'171372

Then, we have

so that the sign of F\ffm coincides with the sign of g for each A € (0,1). It can be checked
that
9(1) = (122 — D)q1ga + (21 — D)1 — (22 — 1)go
_ (x1 — 1) — (1 + 3) g <0

1-— 1T

The result follows since g(0) > 0, g(1) < 0 and g is continuous in A. O

Proposition 2 (i) says that information choices are substitutes if the degree of com-
plementarity in actions is sufficiently high. Also, starting from a situation in which a
given player 7 acquires little amount of information while the other player acquires a large
amount of information, a sufficiently high level of substitutability in actions implies that
player i’s information choice turn to complement that of the other player.

/ T 1 T /

bc

I A Iny

"
=] °©

(a) 1 =29=0.5 (b) 1 =0.1, 2o = 0.9

Figure 1. The shadowed region indicates the values for (A, m) such that the information choice does not
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have the same coordination motives as the action choice. The line bc is 7 = A? and corresponds to the

beauty contest game.

The result provided by Proposition 2 (iii) contrast sharply the main result in HV
for a game with a continuum of players. In particular, the result in Proposition 2 (iii)
is restricted to the class of beauty contest games considered by HV. We obtain that
information acquisition choices are substitutes if the degree of complementarity in actions
is high enough.

E (1o} {te)
] o

Figure 2. Graph of the function g used in the proof of Proposition 2 (iii) for (a) x1 = 0.5, z2 = 0.5, (b)
z1 = 0.2, 2 = 0.8, and (c¢) 1 = 0.8, x5 = 0.2. The parameter « identified in Proposition 1 is displayed

for case (b).

Most of our results hold regardless the external effect captured by parameter m. How-
ever, this external effect plays also an important role in the analysis of the question studied
in this paper. Notice that the shape of the shadowed region in Figure 1 seems to suggest
that the discrepancy between the strategic motives in information and in actions (i) is
facilitated when the external effect decreases and (ii) disappears when the external effect
is high enough so that = = 1.

4. Applications

From the results provided by Proposition 2, one concludes that heterogeneous beliefs
maybe sustained endogenously in settings where the degree of complementarity or substi-
tutability is high enough. Presumably, a wide class of models might meet the conditions
leading to the results in Proposition 2. To illustrate this, we discuss in this section some
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strategic settings where the results in Proposition 2 could apply.

4.1. Investment Complementarities

Consider a model of production externalities where a; is interpreted as the amount of
investment chosen by investor ¢. The payoff function for investor ¢ = 1 is given by

Ulay,az,0) = R(as, 0)ay — c(ay),

where c(a;) is a twice-differentiable cost function and R(as,#) is a twice-differentiable
return function that measures the externality to investor 1 caused by the adequacy of
agent 2’s investment with respect to the underlying state. Assume ¢’ > 0, R,,, Ry > 0,
Riya, <0, and R,,/c” < 1. Thus, we are considering that the investment externality has
the form of a complementarity.

Using our results, one obtains that heterogenous beliefs will be endogenously sus-
tained if the ratio R,,/c” exceeds a certain threshold. Also, we have m1 = —R,,,/c” so
that the crucial threshold decreases as R,,,, increases. In other words, more concave
return functions (with respect to the other investor’s action) facilitate the persistence of
heterogeneous beliefs.

4.2. Cournot Duopoly

Consider a model of Cournot competition where a; is interpreted as the quantity of the
good offered by firm ¢. The market price of the good is given by P = dy+d60 — da(a; + as)
(with dg,dy,dy > 0) and the cost for firm ¢ = 1 is given by cpa; + cia? (with ¢y, ¢; > 0).
Then, the payoff function for firm 7 = 1 can be expressed as

U(al, a9, 9) = [(do — C()) —|— dlg — (dg —|— cl)al — dgag} aq.

Here we have A = —dy/2(dy+c¢1) < 0 so that actions are substitutes. The assumptions
of our model are satisfied since ¢; > 0 implies A > —1. Also, we have m = 0. Using
our results, we obtain that, in this setting, it is very unlikely that heterogeneous beliefs
prevail. To obtain the result in Proposition 2 (ii), one must start from an initial situation
where firm 1 acquires little amount of information while firm 2 is very well informed.
Furthermore, one needs that A be close enough to —1. However, we see that —1/2 is the
lowest value that A can achieve in this duopoly.

4.3. Bertrand Duopoly

Consider a model of Bertrand competition with heterogenous goods where a; is in-
terpreted as the price set by firm 7. The market demand for firm 7 = 1 is given by
Q1 = eo + €10 — ea(a; — ay) (With eg, e1, e2 > 0) and its cost is given by ¢yQ; + ¢;Q? (with
co,c1 > 0). Then, the payoff function for firm i = 1 can be expressed as

U(al, a9, 0) = [60 —f- 619 — 62(&1 — ag)} {al —Cy— C1 (60 + 610 — 62(&1 — CLQ))} .
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We obtain A = (1 + 2cie2)/2(1 + c1e5) € (0,1) so that actions are complementary.
We also have m = cjea/(1 + cie). Therefore, we see that the product cjey is the key
parameter to analyze whether heterogenous beliefs will be sustained endogenously. For
this to happen, our results tell us that c¢;e; must be sufficiently high but below a certain
bound. As c;jey increases, both A and 7 increase and get closer to one. Thus, the result in
Proposition 2 (i) will be obtained when c;e5 is high enough, so that A exceeds the required
threshold, but not too high so as to avoid that 7 gets too close to one. We see that in
this Bertrand model, complementarity in pricing decisions and the external effect have
offsetting implications on the strategic interaction in the information choice.

5. Concluding Remarks

This paper investigated the relation between endogenous coordination in information
acquisition and incentives in actions for a tractable class of games with complementarity
or substitutability in actions, externalities, and a fairly general information structure.

Our analysis highlighted the differences in the nature of the interactions when the
set of players is finite with respect to the case with a continuum of players. From a
methodological viewpoint, keeping track of the particular higher-order beliefs of the play-
ers through a knowledge index leads to conclusions different to those obtained by using
an average expectation operation.

Our restriction to two-player games is dictated by the need of tractability. With a
larger number of players, computing the required inverse of matrix [I — A(2] is exceedingly
challenging and one must resort to computational numerical methods. This inverse is
a crucial ingredient in the slope of a player’s optimal action with respect to her private
signal. However, the form of the inverse of matrix [/ — A{2] is not affected by increasing
the number of players. Neither is affected the form of ratio between polynomial functions
(of parameter \) of the slope of a player’s optimal action. Therefore, our results continue
to hold qualitatively so long as the number of players is finite.

As the number of players in our game increase, our results converge to the main result
obtained by HV and, therefore, the information choice tend to inherit the same motives
as the action choice. This follows simply from the fact that the higher-order average
expectation operators approximate the average of higher-order expectations when the
number of players tends to infinity.
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